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We discuss dynamic response of odd-frequency Cooper pairs to electromagnetic field. By using
the quasiclassical Green function method, we calculate the impedance (Z = R − iX) of a normal
metal thin film which covers a superconductor. In contrast to the standard relation (i.e., R≪ X),
the impedance in spin-triplet proximity structures shows anomalous behavior (i.e., R > X) in the
low frequency limit. This unusual relation is a result of the penetration of odd-frequency pairs into
the normal metal and reflects the negative Cooper pair density.
PACS numbers: 74.25.nn, 74.45.+c, 74.78.Fk, 74.70.-b
Exotic superconductors with a gap function ∆(k, ωn)
odd in Matsubara frequency ωn are called odd-frequency
superconductors. Mysterious behavior of odd-frequency
Cooper pairs is an intriguing issue in the physics of super-
conductivity and superfluidity [1, 2]. An odd-frequency
superconductor might not exhibit essential properties of
superconductivity such as the gapped quasiparticle spec-
trum and the standard diamagnetic Meissner effect. Un-
fortunately, the odd-frequency pairing state has never
been yet detected experimentally in bulk materials. Odd-
frequency Cooper pairs themselves, however, may exist
in superconducting proximity structures. It was theo-
retically predicted in ferromagnet/superconductor junc-
tions that spin-mixing due to spin-dependent potential
should generate odd-frequency spin-triplet s-wave pairs
[3–7]. Manifestations of triplet pairs were recently ob-
served experimentally as a long-range Josephson coupling
across ferromagnets [8–11]. An alternative way of creat-
ing odd-frequency pairs was suggested in proximity struc-
tures involving a normal metal attached to an odd-parity
spin-triplet superconductor that belongs to the conven-
tional even-frequency symmetry class. The parity-mixing
due to inhomogeneity produces the odd-frequency pairs
even in this case [12].
Although the experiments [8–11] catch a sign of odd-
frequency pairs and theories [13–17] have predicted un-
usual properties of spin-triplet superconducting junc-
tions, we have never had clear scientific evidences of odd-
frequency pairs. This is because physical values focused
in these studies include only indirect information of the
frequency symmetry. The present paper shows that the
surface impedance is a particular physical value which di-
rectly reflects the frequency symmetry of a Cooper pair.
We predict anomalous features of a surface impedance
which should make possible to detect odd-frequency pairs
experimentally.
Surface impedance Z = R − iX reflects the dynamic
FIG. 1: (color online). (a) Typical behavior of the sur-
face impedance in a conventional s-wave superconductor.
(b) Proximity structure under consideration, where a thin film
of a normal metal covers a superconductor.
response of Cooper pairs to electromagnetic field [18, 19].
The surface resistance, R, corresponds to resistance due
to normal electrons. In conventional superconductors, R
drops exponentially with decreasing temperature below
superconducting transition temperature Tc. The reac-
tance, X , represents power loss of electromagnetic field
due to Cooper pairs. Typical temperature dependence
of the surface impedance in a conventional superconduc-
tor is shown in Fig. 1(a). The positive amplitude of the
Cooper pair density guarantees a robust relation R≪ X
at low temperatures. The validity of the relation R < X ,
however, is questionable for odd-frequency Cooper pairs
because the odd-frequency symmetry and negative pair
density are inseparable from each other according to the
standard theory of superconductivity [20]. In the present
paper, we conclude that the unusual relation R > X
can be observed in the presence of odd-frequency Cooper
pairs at low frequency and at low temperature.
Let us consider a bilayer of a superconductor and a
thin normal metal film as shown in Fig. 1(b), where W
is the size of the superconductor and L is the thickness
of the normal metal. We mainly consider spin-triplet
p-wave symmetry in the superconductor and compare
2results with those in spin-singlet s- and d-wave sym-
metries. In all cases, the superconductor belongs to
the conventional even-frequency symmetry class. The
even- and odd-frequency pairs penetrate into the normal
metal for the spin-singlet and spin-triplet cases, respec-
tively [13, 14, 21]. To calculate the complex conductivity
in the normal metal, we first solve the quasiclassical Us-
adel equation [22] in the standard θ-parametrization [23],
~D∇2θ(r, ǫ)+2iǫ sin θ(r, ǫ) = 0, where D is the diffusion
constant of the normal metal and ǫ is the quasiparticle
energy measured from the Fermi level. In what follows,
we consider the normal-metal/superconductor (NS) junc-
tion in two dimension as shown in Fig. 1(b). We choose
W ≫ L so that we can neglect y dependence of θ. In the
p-wave case, we assume that a spin-triplet Cooper pair
consists of two electrons with opposite spin directions —
this assumption does not break generality of the following
argument. The Usadel equation is supplemented by the
boundary condition at the NS interface which depends on
the pairing symmetry of the superconductor [13, 24, 25],
∂θ(x, ǫ)
∂x
∣∣∣∣
x=0
=
1
L
RD
RB
〈F 〉
TB
, (1)
〈F 〉 =
∫ pi/2
−pi/2
dγ
TN cos γ(fs cos θ0 − gs sin θ0)
(2− TN) + TN (gs cos θ0 + fs sin θ0)
, (2)
where γ is the incident angle of a quasiparticle measured
from the x axis, θ0 = θ(x = 0, ǫ), and RD is the resis-
tance of the normal metal. At the NS interface, a po-
tential barrier described by v0δ(x) suppresses the trans-
mission probability TB =
∫ pi/2
0
dγ cos γ TN with TN =
cos2 γ/(z20 + cos
2 γ), z0 = v0/(~vF ), and vF being the
Fermi velocity. As a result, the resistance of the NS inter-
face becomes RB = [(e
2/π~)(kFW/π)TB]
−1. The Green
function in the superconductor depends on γ and the ori-
entation angle α in Fig. 1(b) as g± = ǫ/
√
ǫ2 − |∆±|2 and
f± = i∆±/
√
ǫ2 − |∆±|2, where ∆± = ∆Ψ(γ±) with ∆
being the amplitude of the pair potential, γ+ = γ−α and
γ− = π − γ − α. The form factor Ψ(γ) characterizes the
pairing symmetry as Ψ(γ) = 1, cos γ, and cos 2γ for the
s-, p-, and d-wave symmetries, respectively. At a partic-
ular orientation angle, p-wave with α = 0, p-wave with
α = π/2, d-wave with α = 0, and d-wave with α = π/4
correspond to the px-, py-, dx2−y2-, and dxy-symmetry,
respectively. In Eq. (2), gs = (g+ + g−)/ξ with ξ =
1+g+g−+f+f−, and fs = (f++f−)/ξ for the spin-singlet
pairing symmetry, while fs = i(f+g− − f−g+)/ξ for the
spin-triplet one [13, 25]. For the chiral p-wave symmetry,
when Ψ(γ) = eiγ , θ obeys a boundary condition which
is slightly different from Eq. (2) [14]. At the outer sur-
face of the normal metal, we require ∂xθ(x, ǫ)|x=−L = 0.
The normal and anomalous retarded Green functions are
obtained as g(x, ǫ) = cos θ(x, ǫ) and f(x, ǫ) = sin θ(x, ǫ),
respectively.
Having found the Green functions, we can calculate
the local complex conductivity σN(x, ω) = σ1+iσ2 which
can be represented only by the retarded Green function
as [26]
σ1(x, ω)
σ0
=
1
2~ω
∫ ∞
−∞
dǫ [J(ǫ+ ~ω)− J(ǫ)]K1, (3)
σ2(x, ω)
σ0
=
1
2~ω
∫ ∞
−∞
dǫ [J(ǫ+ ~ω)K2 + J(ǫ)K3] , (4)
K1 = fI(ǫ)fI(ǫ+ ~ω) + gR(ǫ)gR(ǫ+ ~ω), (5)
K2 = fR(ǫ)fI(ǫ+ ~ω)− gI(ǫ)gR(ǫ+ ~ω), (6)
K3 = fR(ǫ+ ~ω)fI(ǫ)− gI(ǫ + ~ω)gR(ǫ), (7)
with J(ǫ) = tanh (ǫ/2kBT ), gR(ǫ) = Re [g(x, ǫ)], gI(ǫ) =
Im [g(x, ǫ)], fR(ǫ) = Re [f(x, ǫ)], and fI(ǫ) = Im [f(x, ǫ)].
The local impedance in the normal metal is calculated
from the complex conductivity as
ZN(x, ω) = RN − iXN = (1− i)
√
~ω
∆0
σ0
σN(x, ω)
Z0, (8)
where Z0 ≡
√
2π∆0/σ0c2~, ∆0 is the amplitude of pair
potential at T = 0, and σ0 is the Drude conductivity in
the normal metal. The surface impedance in Fig. 1(a)
is calculated from the above formula, taking the Green
function of a uniform s-wave superconductor.
The theory basically includes three junction param-
eters: the thickness of normal metal L, strength of
the potential barrier z0, and the diffusion constant in
the normal metal D, which are converted to RD/RB,
ETh = ~D/L
2, and z0 with ETh being the Thouless en-
ergy. As we discuss later on, the results shown below
depend on these parameters only quantitatively. Thus
we fix them at RD/RB = 1, ETh = 0.5∆0, and z0 = 2.5
throughout this paper, which leads to TB ≈ 0.1 and
L ≈ 2.7ξTc with ξTc =
√
~D/2πkBTc being the coher-
ence length. We add a small positive imaginary part iǫλ
to energy to provide the retarded causality and to obtain
reasonable convergence of the integration in Eqs. (3) and
(4). In real junctions, iǫλ stems from inelastic scatter-
ings of a quasiparticle due to phonon or electron-electron
interaction. We fix ǫλ at 0.01∆0.
First, we compare the retarded Green functions at the
surface of the normal metal (x = −L) for the s-wave sym-
metry in Fig. 2 (a)(b) with those for the chiral p-wave
in (d)(e). The real part of the normal Green function
gR(ǫ) is the quasiparticle density of states normalized
by the normal density of states at the Fermi level. The
normal Green function always satisfies g(−ǫ) = [g(ǫ)]∗
irrespective of pairing symmetry as shown in (a) and
(d). In the s-wave case, gR(ǫ) shows a minigap for
|ǫ| < ∆N ∼ 0.15∆0. In chiral p-wave case, gR in (d)
shows a large peak around ǫ = 0, which can be under-
stood as the penetration of midgap Andreev resonant
states into the normal metal. The formation of midgap
Andreev resonant states due to a sign change of the
pair potential is a common feature at surfaces of un-
conventional superconductors [27]. The penetration of
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FIG. 2: (color online). The retarded Green functions at the
surface of the normal metal for the s-wave (a)-(b) and the
chiral p-wave symmetry (d)-(e). The solid and broken lines
represents the real and imaginary part of the Green function,
respectively. In (c) and (f), Ks is the spectral pair density
and is corresponding to the kernel of the imaginary part of
complex conductivity at ω → 0+.
such states into a normal metal is possible only for spin-
triplet junctions [13, 15]. The feature of the anomalous
function fR(ǫ) depends on the pairing symmetry of the
superconductor. The results in (b) show that fR(ǫ) is an
even function of ǫ and fI(ǫ) is an odd function of ǫ (i.e.,
f(−ǫ) = [f(ǫ)]
∗
). This relation means the presence of the
even-frequency Cooper pairs in the normal metal and al-
ways holds for spin-singlet NS structures. The results in
(e), however, show that fR(ǫ) is an odd function of ǫ and
fI(ǫ) is an even function of ǫ (i.e., f(−ǫ) = − [f(ǫ)]
∗) [21].
This relation represents the penetration of odd-frequency
Cooper pairs into the normal metal and holds for spin-
triplet NS structures.
Secondly, we show the local impedance at the surface
of the normal metal ZN(−L, ω) as a function of temper-
ature at a small ~ω fixed at 0.01∆0 in Fig. 3. Here the
local impedance ZN(−L, ω) approximately describes the
impedance of the normal metal because σN(x, ω) depends
on x weakly for L ≈ ξTc . In the s-wave symmetry, the re-
sults show conventional behavior totally consistent with
those in Fig. 1(a). Namely, both RN and XN decrease
with decreasing T at low temperatures with keeping the
relation RN ≪ XN. The results for dx2−y2-symmetry
in (b) show qualitatively the same feature as those in
the s-wave case. For dxy- and py-symmetries, a relation
R = X always holds irrespective of ω and T (results are
not shown) because there is no proximity effect in the
normal metal [25, 28]. In this case, the impedance reflects
only the skin effect of the normal metal. In the chiral p-
wave symmetry in (c), on the other hand, RN become
larger than XN for T < Tc. A similar behavior can be
seen also in the px-wave symmetry for T < T
∗ ∼ 0.4Tc as
shown in (d). The impedance clearly exhibits different
characteristic behaviors depending on the pairing sym-
metry of the superconductor. In Figs. (c) and (d), σ2
changes its sign to negative. It is easy to confirm that
the sign change of σ2 results in RN > XN in Eq. (8).
Thus RN > XN is a robust and universal property of
odd-frequency Cooper pair.
To understand characteristic feature of complex con-
ductivity at small ω, we analyze the spectral pair density
defined by
Ks(ǫ) = fR(ǫ)fI(ǫ)− gR(ǫ)gI(ǫ) = Imf
2(ǫ), (9)
which appears in the integrand of σ2 in Eq. (4) at very
small ω. The spectral pair density contains full informa-
tion about the frequency symmetry of Cooper pairs. In
the s-wave case, Ks is mostly positive for ǫ > 0 and has
a positive peak around ǫ = ∆N as shown in Fig. 2(c).
Since Ks is an odd function of ǫ according to its def-
inition, we only show the results for ǫ > 0. On the
other hand in the chiral p-wave symmetry as shown in
Fig. 2(f), Ks is mostly negative for ǫ > 0 and has a
large negative peak near ǫ = 0 due to the odd-frequency
symmetry. The Cooper pair density in the normal metal
ns =
∫∞
−∞
dǫJ(ǫ)Ks(ǫ) is positive for the s-wave case and
is negative for the chiral p-wave one. As a result, σ2 is
positive for the s-wave case and is negative for the chiral
p-wave case. Therefore we conclude that the negative σ2
is the direct consequence of the odd-frequency symmetry
of Cooper pairs. This argument generally holds when ~ω
is smaller than all energy scales relating to the proximity
effect. The smallest energy scale at the present calcu-
lation is the peak width of the Green function shown
in Fig. 2(a)-(d). Indeed we have confirmed that T ∗ in
Fig. 3(d) increases to Tc with decreasing ω. The conclu-
sion does not change even if we vary the junction parame-
ters such as RD/RB, ETh, and z0, since these parameters
do not affect the frequency symmetry of Cooper pairs.
Next, we briefly discuss physics behind the negative
σ2 based on a phenomenological theory. Under the prox-
imity effect, the electric current in the normal metal
may be described by two contributions: j = jN + jS
with the normal current jN = σ0E and the supercur-
rent jS = −
nse
2
mc A = i
nse
2
mω E with m being the mass
of electron [29]. The complex conductivity then be-
comes σ1 + iσ2 = σ0 + i
nse
2
mω . The positive value of
ns is indispensable for explaining the Meissner effect.
This argument can be easily confirmed when we calcu-
late the static magnetic field by solving the current jS
with ∇×H = 4pic jS . In the case of odd-frequency pairs,
however, ns becomes negative, which implies absence of
the Meissener effect. This fact also significantly modifies
the impedance of a NS bilayer defined by
ZNS =RNS−iXNS = Z¯N
ZS cos k¯nL−iZ¯N sin k¯nL
Z¯N cos k¯nL−iZS sin k¯nL
, (10)
where ZS is the impedance of the superconductor shown
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FIG. 3: (color online). Local impedance at a surface of the
normal metal (i.e., x = −L) versus temperature at ~ω =
0.01∆0 for (a) s-wave, (b) dx2−y2 -wave, (c) chiral p-wave, and
(d) px-wave symmetry. The impedance of a NS bilayer versus
temperature for (e) s-wave and (f) chiral p-wave symmetry.
in Fig. 1(a). Since L being comparable to ξTc , the con-
ductivity depends on x only slightly in the normal metal,
which enables us to define spatially averaged values:
the conductivity σ¯N =
∫ 0
−L
dxσN(x)/L, the impedance
Z¯N = −i
√
4πiω/(c2σ¯N) = R¯N − iX¯N, and the wavenum-
ber of electromagnetic field k¯n =
√
i4πωσ¯N/c2. The sign
change of σ2 results in the real value of k¯n reflecting
the absence of the Meissener effect. In Fig. 3, we show
the impedance of a NS bilayer as a function of tempera-
ture for s-wave in (e) and chiral p-wave NS junctions in
(f), where we assume the resistivity of a normal metal
ρ = σ−10 is about 2 × 10
−6[Ω · cm]. In the s-wave sym-
metry, the impedance of the NS bilayer (e) shows the
conventional relation RNS < XNS. In the chiral p-wave
symmetry, on the other hand, RNS goes beyond XNS at
low temperature. In addition, the absence of the Meis-
sener effect in the normal metal causes the sign change
of XNS in the present results. Using relations X¯N ≪ R¯N
and ZS ≈ −iXS, it is possible to show XNS ≈ 0 at
R¯N/XS = tan{Re(k¯nL)}.
Finally, we briefly discuss realistic structures for ob-
serving the unusual relation R > X . In experiments, it
is possible to measure the impedance of a bilayer. One
example is a bilayer consisting of a normal metal and
Sr2RuO4 [30]. Since the pairing symmetry in Sr2RuO4
is spin-triplet chiral-p, the anomalous relation R > X
as shown in Fig. 3(f) would be observed in experiments.
At the same time, since our qualitative result is based
on the symmetry of the induced superconducting state,
the proposed effect can also be observed in conventional
superconductor/ferromagnet structures where the odd-
frequency state is also generated and can be spatially
separated [3]. An example of this type is a bilayer of
Nb/CrO2, where only odd-frequency pairs can penetrate
into the half-metallic ferromagnet CrO2 [4–6, 8].
In summary, we have theoretically studied the
impedance (Z = R − iX) of a bilayer consisting of a
normal metal and a superconductor. For spin-singlet su-
perconducting proximity structures, we found the con-
ventional and robust relation R ≪ X . For spin-triplet
ones, R can be larger than X and X may change sign
as a function of temperature at low T . On the basis of
obtained results, we propose a method to analyze the
spin-symmetry of Cooper pairs in a superconductor and
to detect odd-frequency superconductivity.
This work was supported by KAKENHI on Inno-
vative Areas “Topological Quantum Phenomena”(No.
22103002). Ya.V.F. was supported by the RFBR (Grant
No. 11-02-00077-a), the Russian Federal Agency of Edu-
cation and Science (Contract No. P799), and the program
“Quantum physics of condensed matter” of the RAS.
[1] V. L. Berezinskii, JETP Lett. 20, 287 (1974).
[2] A. Balatsky and E. Abrahams, Phys. Rev. B 45, 13125
(1992).
[3] F. S. Bergeret, et. al., Phys. Rev. Lett. 86, 4096 (2001);
Rev. Mod. Phys. 77, 1321 (2005).
[4] Y. Asano, Y. Tanaka, and A. A. Golubov, Phys. Rev.
Lett. 98, 107002 (2007).
[5] V. Braude and Yu. V. Nazarov, Phys. Rev. Lett. 98,
077003 (2007).
[6] M. Eschrig and T. Lo¨fwander, Nature Phys. 4, 138
(2008).
[7] J. Linder, T. Yokoyama, A. Sudbø, and M. Eschrig, Phys.
Rev. Lett. 102, 107008 (2009).
[8] R. S. Keizer et. al., Nature 439, 825 (2006).
[9] M. S. Anwar, F. Czeschka, M. Hesselberth, M. Porcue,
J. Aarts, Phys. Rev. B 82, 100501(R) (2010).
[10] T. S. Khaire, M. A. Khasawneh, W. P. Pratt, Jr., and
N. O. Birge, Phys. Rev. Lett. 104, 137002 (2010).
[11] J. W. A. Robinson, J. D. S. Witt, and M. G. Blamire,
Science 329, 59 (2010).
[12] Y. Tanaka, A. A. Golubov, S. Kashiwaya, and M. Ueda,
Phys. Rev. Lett. 99, 037005 (2007); Y. Tanaka, Y.
Tanuma, A. A. Golubov, Phys. Rev. B 76, 054522 (2007).
[13] Y. Tanaka and S. Kashiwaya, Phys. Rev. B 70, 012507
(2004).
[14] Y. Tanaka, Y. Asano, A. A. Golubov, and S. Kashiwaya,
Phys. Rev. B 72, 140503(R) (2005).
[15] Y. Asano, Y. Tanaka, and S. Kashiwaya, Phys. Rev. Lett.
96, 097007 (2006).
[16] Y. Asano, Y. Tanaka, A. A. Golubov, Phys. Rev. Lett.
98, 107002 (2007).
[17] Ya. V. Fominov, JETP Lett. 86, 732 (2007).
[18] D. C. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958).
[19] S. B. Nam, Phys. Rev. 156, 470 (1967).
[20] A. A. Abrikosov, L. P. Gorkov, and I. E. Dzyaloshinski,
Methods of Quantum Field Theory in Statistical Physics
(Dover, New York, 1975). The negative pair density, dis-
cussed in the present paper, implies that the correspond-
ing coefficient describing the response of the current to
the vector potential, becomes negative in equations of the
5standard theory of superconductivity.
[21] Y. Tanaka and A. A. Golubov, Phys. Rev. Lett. 98,
037003 (2007).
[22] K. D. Usadel, Phys. Rev. Lett. 25, 507 (1970).
[23] In a normal metal, the anomalous Green function sin θ
corresponds to τˆ1 (τˆ2) component of Nambu space in
spin-triplet (spin-singlet) NS junctions.
[24] Yu. V. Nazarov, Phys. Rev. Lett. 73, 1420 (1994); Su-
perlattices Microstruct. 25, 1221 (1999).
[25] Y. Tanaka, Yu. V. Nazarov, and S. Kashiwaya, Phys.
Rev. Lett. 90, 167003 (2003).
[26] Ya. V. Fominov, L. I. Glazman, and M. Houzet, in prepa-
ration.
[27] Y. Tanaka and S. Kashiwaya, Phys. Rev. Lett. 74, 3451
(1995).
[28] Y. Asano, Phys. Rev. B 64, 014511 (2001).
[29] M. Tinkham, Introduction to superconductivity (Dover,
New York, 2004).
[30] Y. Maeno, et. al., Nature 372, 532 (1994).
